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Gluon and ghost propagators from the viewpoint of general principles of 
quantized gauge field theories 

Kci-Ichi Kondo^ * 

^Department of Physics, Faculty of Science, Chiba University, Chiba 263-8522, Japan 

We discuss the possible form of gluon and ghost propagators in the infrared region of Yang-Mills theory in the 
covariant gauge from the viewpoint of general principles of quantized gauge field theories. 
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1. INTRODUCTION 

Recent studies of the coupled Schwinger-Dyson 
(SD) equations for Yang-Mills theory have shown 
^] that the gluon propagator Dt and ghost prop- 
agator A in the Landau gauge exhibit the power 
law behavior with a critical exponent k 



Dt{Q^) ■.= F{Q^)/Q^^AiQy 



A(Q2 



GiQ^)/Q^ = BiQ^)- 



(1) 



(2) 



in the infrared (IR) limit ^ for Euclidean 
momentum > 0. Surprisingly, the gluon prop- 
agator is IR suppressed, while the ghost propaga- 
tor is IR enhanced for k > 1/2. However, 

1. The precise value of k is unknown even if 
the IR power law is correct. The transverse 
gluon propagator vanishes for k > 1/2. 
while it has a non-zero limit for k = 1/2. 

2. There is no analytical method to connect 
the IR asymptotic solution to the UV one, 
although numerical methods exist. There is 
no guarantee for uniqueness of the solution 
obtained under the specific Ansatz. 

3. There is no argument for the analytic 
continuation from Euclidean region to 
Minkowski region. 

The purpose of this work |3] is to search the 
solution which is consistent with the general prin- 
ciples of quantized gauge field theory: 
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• Non-perturbative multiplicative renormal- 
izability 

• Analyticity 

• Spectral condition 

• Poincarc group structure 

without using the SD equations. 

2. Multiplicative renormalizability 

Non-perturbative multiplicative renor- 
malizability for the gluon form factor, 
Fo(fc2,A2,ao,Ao) = Z^i^i^ , A^)FRiP , ,a, X), 
yields the RG equation: 



' d ^, B 



d 

2A7A(a) — -H27^(a) 



X i^^fl (^-2,a,Aj =0. (3) 
where a := ,9V(47r), /3(a) := ^^^77^, l^^ia) := 



z 

df-L 



i^Sh^^ and 7A(a) :- ^1^^ for a gauge 
parameter A. 

We consider the propagator along the ray in the 
cut plane (See Figure^. The asymptotic free- 
dom (i.e., validity of perturbation theory for large 
fc^) and the general solution of the RG equation 
lead to the asymptotic form for |fc^| — > 00 along 

the ray: F(P) 9^ C^(A) lln-"^ 



C^(A) > with /3(a) 



In 1^ I 



where 
, and 



l^{a) = ^^aH ■ 

DT^k^) vanish as \k^\ - 
7if (A)//3o = 13/22 > 0. 



Both functions F{k^) and 
— > 00 along the ray, since 
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(k'<0) ° 

Euclid 



Minkowski 



Figure 1. The ray with angle ip measured from the 
negative real axis fc'^ < on the complex plane 
with singularities on the positive real axis. 



3. Analyticity 




Rek^ 



Figure 2. An integration contour C on the com- 
plex plane with singularities on the positive 
real axis. 



We apply this relation to the form factor and the 
propagator. 

4. Spectral condition 

From the assumptions: 1) Poincare group 
structure (representation), 2) spectral condition, 
and 3) completeness condition, the spectral repre- 
sentation for the rcnormalizcd gluon propagator 
follows: 



' 2 pip' 



fc2' 



(5) 



where pik?) = tt ^ ImDT{k^ + if)- The spec- 
tral weight function ■np{k'^) = ImDr(fc2 -|- 
ie) = -k-HmF{k^ + ie), for k^ > 0, 
has the asymptotic behavior: pas — 

-47r(fc2)-i^*(A)|/3-i|C*(A) (in^) 

for fc^ — » oo. Here the anomalous dimension 
is gauge dependent. The sign of the asymp- 
totic discontinuity pas is determined by the ratio 
7o//3o, it is negative for 7o//3o > 0. 

5. Superconvergence for gluon 

For 7(^//3o > 0, the gluon propagator has an 
unsubtracted renormalized dispersion relation 



Jo 



dp^ 



p2 _ fc2 



(6) 



The renormalized p is a function of pi'^, p, g^, A_r 
where p is the renormalization point and A is the 
gauge parameter. In the similar way, the gluon 
dressed function or form factor F ~ ^k^Dx has 
the renormalized dispersion relation 



Suppose i) the complex function f{z) is 



ana- 



lytic in the whole complex plane 



k except 



for the positive real axis z > 0, ii) f{z) vanishes 
asymptotically along any ray in the cut complex 
plane: \f{z)\ — > as \z\ oo, and iii) /(fc^) is 



real 



the real axis k < 



Smin (at least for the 
Then, for a reference 



space-like region fc^ < 0). 
point fc2, the dispersion relation follows 



dz 



Imf{z + ie) 

z ~ 



(4) 



A 



F{k') = - - / dp 

K Jo P 



,2 „ ^2 ■ 



Two relations are compatible if and only if 

A 



dk p{k ,p ,5fl,Ai?) 



(7) 



(8) 



This is the superconvergence relation ^ in the 
generalized Lorentz gauge with an initial gauge- 
fixing parameter A and the fixed point A*. 
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We put the reference point fc^ on the Euclidean 
region, i.e., = — fc^ > 0. The gluon form factor 
vanishes in the Euclidean IR limit | 0: 

F{0) = --J^ rfpW)=0, (9) 
and the gluon propagator converges to a constant 

Dt{-Q^)= r dp'P^ + OiQ'). (10) 
Jo 

The spectral function has the form p{s) = 
ZS{s — M'^) + p{s) where ZS{s — M'^) corresponds 
to a pole at = and p{s) is the contribution 
of the continuous spectrum from more than two 
particle states, namely, suppp(s) e [(2M)^,cx)). 
The finiteness of the IR limit Dt (0) given by 

^^(0) = 171 + / s~'pis) (11) 

is interpreted as indicating the existence of a mas- 
sive pole (M 7^ 0), provided that Z 0. (The last 
integral is finite for 7(f //3o > 0.) Thus, we have 
shown |3] that, for gluon with massive spectrum, 
the power-series expansions for the gluon propa- 
gator and the form factor can be well-defined for 
small Euclidean momenta for any gauge pa- 
rameter. Note that < -Dt(O) < oo corresponds 
to K = 1/2. (The Gribov limit is k 1.) 

6. Superconvergence for ghost? 

We recall the result of 0]. The renormal- 
ized ghost propagator Ai?p has a dispersion re- 
lation in the arbitrary gauge. However, the 
form factor G := —k^/^pp has a dispersion re- 
lation only in the Landau gauge A = 0. Hence, 
the superconvegence relation for the ghost holds, 
= /(J dk'^ ppp{k^ , p^ , gp,0), only in the Lan- 
dau gauge A = 0. For X ^ 0, however, the 
superconvergence relation does not hold, since the 
unsubtracted dispersion relation exists only for 
the propagator, not for the form factor, in sharp 
contrast with the gluon case. 

If the spectral function p has singularities ac- 
cumulating toward the origin = 0, however, we 
must replace an integration contour in Figure |21 
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Figure 3. The integration contour C to which 
the Cauchy theorem is applied on the complex k'^ 
plane with singularities on the positive real axis. 

by another contour in Figure 13 to avoid the ori- 
gin. We conclude that the superconvergence for 
ghost does not hold even in the Landau gauge [HJ. 

7. CONCLUSIONS 

From the viewpoint of general principles of 
QFT, the transverse gluon can be massive and 
short range, while the FP ghost is singular and 
long-range. The IR critical exponent of gluon is 
K — 1/2, since the gluon propagator behaves like 

L't(Q^) = const. + 0(Q2). (12) 

The ghost propagator has a negative and non- 
integer exponent. It fulfills a sufficient condition 
for color confinement due to Kugo and Ojima. 

lim [g2A(g2)]-i = lim [G(Q2)]-i ^0. (13) 

Supposing the existence of IR fixed point for the 
gluon-ghost-antighost coupling constant (with- 
out dynamical quarks), as suggested from the SD 
equations we have 

A(Q2) - (Q2)-3/2_ (^4) 

Thus the ghost is expected to be a carrier of con- 
finement in the covariant gauge. 
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